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Binding  energies  and  wave  functions  of  inner-shell  electronic  states  in  superheavy  quasimolecules  with 
(2, + Z,)a  > 1  are  calculated.  Ionization  during  a  collision  of  very  heavy  ions  is  investigated  withiii  a 
moleiular basis  generated  by  the solutions  of  the  two-center  Dirac equation. Transitions  to vacant  bound 
states as weil as direct excitation to the continuum are taken into account. We present  theoretical values for 
the  ionization  probability  as  a  function  of  impact  parameter,  bombarding  energy,  and  combined  nuclear 
charge. Our computed results are compared with  recent  experimental  data. It  is suggested  that  relativistic 
binding  energies of electrons in superheavy  quasimolecules can ,be determined  experimentally  via  the impact- 
Parameter dependence  of  ionization  and the anisotropy of  quasimolecular  radiation. 
I.  INTRODUCTION 
The motivation for our investigations is to lay 
the grounds for a possible spectroscopy of  strong- 
ly bound electronic states in superheavy quasi- 
molecules.  In  such systems inner-shell electrons 
move quasi adiabatically in the Coulomb field of 
two scattering charge centers, where the two- 
center distance R(t)  changes as  function of  colli- 
sion time t.  Also,  in the collision of  very heavy 
ions,  such transient systems can be formed in 
which even the radius of  the quasimolecular K 
shell is much larger than the separation R  of  the 
scattering nuclei.  In these superheavy qz~asiatoms 
the energy and wave function of  electrons are  de- 
termined by the united Coulomb field of  both nu- 
clei.  In  collisions of  U on U a quasiatom is cre- 
ated for R «  500 fm.  At a lab velocity of  V„, 
= 0.1 C,  the corresponding electrons move for a 
time of  T=  10-20  sec in an external field with Z 
=  Z,  + 2,  = 184, where Zp  and Z, denote the pro- 
jectile charge and target charge,  respectively. 
Such superheavy atoms could be investigated ex- 
perimentally if it would be possible to synthesize 
stable nuclei in the region Z=  114 or  Z=  164, as 
predicted theoretically .  However , all correspond- 
ing experimental attempts remained unsuccessful 
up to now. ' Also,  in nature no superheavy ele- 
ments could be detected.  Therefore the only pos- 
sibility to study the behavior of  electrons in strong 
electric fields of  about E = 10''  V/cm  is  the forma- 
tion of  quasimolecules and quasiatoms in colli- 
sions of  very heavy ions. 
In heavy -ion collisions we can extend the tra- 
ditional domain of  atomic physics (concerning the 
charge number) by almost a factor of  2 from the 
region of  known eletnents (Z G 107) up to 2 =  190 
in a collision of  a U projectile on a Cf  target. 
In the following we consider the binding ener- 
gies of  electrons in superheavy atoms.  For Fer- 
mium (Z  = 100) the binding energy of the strongest 
bound electron amounts to E„=  -141  keV with an 
agreement between theory and experiment of  about 
10  eV.  283 in the corresponding calculations one 
has to take into account the finite size of  the nu- 
cleus, the electron-electron interaction treated 
within the Hartree-r~ck  formalism, and quantum 
electrodynamical  qrrections like vacuum polar - 
ization,  self-energy,  and magnetio effects.  When 
those calculations are  extended to the superheavy 
regi~n,~-'  the 1s binding energy increases dras- 
tically as  function of  nuclear charge.  At 2 = 150 
it reaches the value of  the electronic rest mass; 
for Z=  173 the binding is  twice as  large.  For 
still higher central charges the 1s state dives into 
the negative energy continuum of  the Dirac equa- 
tion and becomes a resonance imbedded in this 
continuum. 1°-12  The corresponding critical charge 
for the 2plI, state is about 2  = 185.  These ex- 
tremely strong binding energies,  which are com- 
parable to the electronic rest mass m,c2,  neces- 
sitate a relativistic treatment of  the investigated 
problem.  instead of  the Schrödinger equation we 
have to use its relativistic counterpart, the Dirac 
equation, for the evaluation of  electronic states. 
Besides the stronger binding,  the relativistic ef - 
fects manifest themselves in a dramatic "fine- 
structure',  splitting AE  =  ~(2p„,)  -  ~(2p„,), 
which again is of  the order of  rn,c2.  We  conclude 
that concerning the binding energies superheavy 
atoms would help to extend the energy range of 
traditional atomic physics by an order of  magni- 
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Furthermore, the quantum electrodynamical 
corrections in superheavy quasimolecules can no 
longer be evaluated in the usual perturbation ex- 
pansion in ZLY,  because the electromagnetie 
coupling constant becomes larger than one,  (2, 
+ Z,)a > 1.  Calculations of  vacuum polariza- 
ti~n'~~'~  and self -energy15 in all orders of Zcu, 
however,  have shown that these effects amount 
only to about 1% of  the total binding energy even 
for Z -  170, and therefore can be neglected at 
present.  In order to account for the electron- 
electron interaction, numerous caleulations have 
been performed within the framework of  the 
Hartree  -Fock formalism.  718+  By this the 
identification of  eventual stable superheavy ele- 
ments should be facilitated.  In the following dy - 
namical calculations, however,  we will use a 
basis in which the electron-electron ~nteraction'~ 
is  not prediagonalized.  Transitions between inner 
electronic states induced by this interaction are 
negligible, because the relaxation time of elec- 
trons against the adjustment of  the orbitals due to 
electron-electron interaction is  large compared 
with the collision time of  the investigated scatter- 
ing systems.  24  Thus self -consistent calculations 
are clearly not called for; they may even not be 
an improvement.  Also the diagonal matrix ele- 
ments of  the electron-electron interaction remain 
unconsidered in our calculations, because we have 
to deal with a system of  undetermined degree of 
ionization.  The diagonal part of  the electron- 
electron interaction results in a shift of  the bound- 
state energies without modification of  the wave 
functions.  The shifts amount to about 10%  for 
the lso  state and will slightly enhance the ioniza- 
tion probabilities.  Its precise magnitude can only 
be determined when more complete Information 
on the electronic configuration during the colli- 
sion is available. 
In the following we will propose various pos- 
sibilitie~~~~~~  to experimentally determine binding 
energies of  inner electronic states in systems up 
to Z =  190:  (a)  the impact-parameter dependence 
of  ionization mediated by the radial and rotational 
coupling of  the scattering nuclei with the electrons 
[here the asymptotic (t -  +W)  radiation (e.g.,  K, 
radiation) in the separated single atoins after the 
collision must be measured in coincidence with the 
ion scattering angle],  (b) the Z dependence of  ion- 
ization in central collisions,  (C)  the distribution of 
the ionized electron~~~~~'  in the continuum final 
states (F electrons) with respect to energy and to 
the dependence on impact parameter and (d) the 
frequency  and angular distribution  of  emitted 
quasimolecular  radiation  during  the  colli- 
29-35,53,54,77,78 
After this introduction we will briefly describe 
the formalism of  ionization.  Then we discuss in 
detail the calculation of  bound states within the 
framework of  ihe two-center Dirac equation,  the 
corresponding coupling matrix elements, and the 
validity of  the monopole approximation,  in which 
one considers only the spherically symmetric part 
of  the two-center potential.  We  continue to present 
the evaluation of  continuum states and the cou- 
plings to bound states.  As a first example of  a 
dynamical proccss we will give the transition 
probability of  bound electrons to the positive con- 
tinuum as  a function of  distance R between the two 
centers during the collision,  the impact parameter 
b,  the total charge Z,  + Z„ and the kinetic ion en- 
ergy E„,.  The obtained theoretical results will be 
compared with recent experimental data36-399"2'85 
concerning ionization in superheavy quasimole - 
cules.  As a function of  the Same parameters we 
will investigate the coupling between bound states 
within the coupled channel formalism. 
As a next step towards a full-scale spectroscopy 
we present the theoretical 6  -electron distribution. 
As an example of  the influence of  rotational cou- 
pling we  consider the 2p,,,o ionizati~n~~~~l  in the 
Pb-Pb system.  Before we finally draw our con- 
clusions we will briefly discuss the background 
contribution to ionization and quasimolecular ra- 
diation caused by nuclear Coulomb excitation. 42 
11.  BASIC FOkMALISM FOR INNER-SHELL IONIZATION IN 
COLLISION OF VERY HEAVY IONS 
The dynamical processes, such as  ionization, 
occurring during quasimolecular collisions are 
described by the time-dependent Dirac equation 
(?L-=  C=  1): 
For practical purposes,  the wave function  is ex- 
panded in a complete set of  basis ~tates'~: 
Since binding energies and wave functions change 
strongly as  a function of  the two-center distance 
R, the proper choice in collisions at nonrelativis- 
tic energies is the molecular basis,  given by  the 
solutions 4, of  the stationary two-center  Dirac 
equati~n~~!  44: 20  -  ELECTRONS IN SUPERHEAVY QUASIMOLECULES  171 
The two-center wave functions 6,  depend on time 
parametrically.  We  assume the nuclear motion to 
follow a Coulomb trajectory,  given by  a Rutherford 
hyperbola,  thereby neglecting possible effects of 
nuclear f~rces,~~  electron ~hielding,~~,~'  and vacu- 
um polarization. 48949  We  briefly summarize the 
Rutherford hyperbola parametrization: 
R =  a(c  cosht + 1) , 
t = (M„~~~/Z,Z,~~)"~(E  sinh5+ 5) ,  (4) 
with 
E„,  is  the center-of-mass energy of  the ions and 
Mred  the reduced mass of  the system: 
The distance of  closest approach R  between both 
ions during the collision and the instantaneous 
radial ion velocity R on a given trajectory with 
impact parameter b are determined by 
with  V,=  (2 Ec.m./~red)112  . 
b is related to the center-of-mass scattering angle 
ecm  by 
b=a cot(e,„, /2).  (8) 
Upon  substitution of  the ansatz (2) into Eq.  (11,  one 
is left with an infinite system of coupled channel 
equationsZ5*  50773: 
Note that the summation over i includes the con- 
tinuum states.  In  our subsequent calculations we 
split the a/at  operator into two parts, the radial 
and the rotational coupling: 
Here 3 is the angular velocity of  the internuclear 
axis and  is  the electron angular momentum op- 
erator.  The two Operators exhibit different angu- 
lar momentum selection rules:  the radial coupling 
acts between states with the Same angular momen- 
tum projection  p along the axis, connecting both 
nuclei (G axis), whereas the rotational term cou- 
ples states with  p differing by  11.  The full Set of 
coupled first-order differential equations (9) is 
equivalent to the time-dependent Dirac equation. 
However,  in practical calculations of  transitions 
between bound states one has to restrict to a finite 
subset of  {@,I. Furthermore,  excitations to the 
continuum states have been treated only in first- 
order time-dependent perturbation theory, i.e., 
taking a,(l)  = 1. 
In this approximation the complex amplitude be- 
Comes 
in the single-electron approximation, the energy 
E, of  the continuum electron states does not de- 
pend on time. 
The total Cross section for direct ionization is 
obtained by  an integration over all impact param- 
eters and all final states: 
The statistical factor 2  ji  + 1 accounts for the oc- 
cupation number of  the initial state.  Note that the 
number of  created vacancies per collision P(b)  is 
normalized to P„,=  2  ji + 1  and therefore is not a 
probability in the strict sense.  Before presenting 
results on inner-shell ionization we  shall, in the 
next sections, discuss the calculation of  the rel- 
ativistic two center bound-state and continuum 
wave functions and the corresponding coupling ma- 
trix elements. 
111.  BOUND STATE SOLUTIONS OF THE TWOCENTER 
DIRAC EQUATION (TCDE) 
In this section we find solutions of  the stationary 
Dirac equation for a two-center potential.  We 
Start with the representation of  the Dirac equation 
in spherical coordinates: 
The spin-orbit operator is defined through the 
relation 
K=  p(oi  + 1) .  (14) 
It  is known  that  the  two-center  Dirac equa- 
tion is more difficult to handle than its nonrelati- 
vistic counterpart,  since it is  not separable in any 
orthogonal coordinate system.  The moat accurate 
and flexible approach is  based on  a multipole ex- pansion of  the wave f~nction~~~~~ 
f,(v)  and g,(r)  are  the radial wave functions, and 
the spinor spherical harmonics are  given by 
-  K  is the eigenvalue of  f?  and connected to the 
angular momentum through 
L  for  j=I-i 
K ZZ 
-1-1  forj=L+-S9 
(17) 
j  =  /K  1-  $ being the total angular momentum.  The 
magnetic quantum number y is the projection of 
the total angular momentum on the axis connecting 
the two nuclei (z axis).  After expanding the two 
center potential into multipoles 
where for re  R/2, 
and where for ~2  R/2, 
FIG. 1. Relativistic cor- 
relation diagram for the 
Pb-Pb  System.  Binding 
energies for the lowest 
U (solid lines) and a  (dashed 
lines) states as function of 
two-center  distance R. 
The binding energies of 
the strongest bound  states 
are given on a linear 
scale in Fig. l(b).  The 
energy levels in rectan- 
gles I and  I1 are shown 
separately in Figs. 1  (C) 
and I (d). 20  ELECTRONS IN SUPERHEAVY QUASIM0LECULE.S 
FIG.  1. (Continued) 
the coupled radial equations read 
The coefficients A:, ,,,G, =  (X:  /P,  1x5) are easily 
determined by angular momentum algebra. 
It is clear that this representation is not limited 
to the case of  point-like nuclei;  any axially sym- 
metric potential V(?, R) can be treated after a 
' multipole expansion, 
if  the requirement lim V,(Y,  R)= 0 is satisfied 
1 -- 
for (almost) every r. 
The sum in Eq.  (19) has been truncated at a suf - 
ficiently large angular momentum jmal.  The re- 
maining 2(2j„,+  1) coupled differential equations 
can be  solved by a five  -point Adams integration 
code. 57  The energy eigenvalues are determined 
by iteration,  which is stopped when the change of 
the energy value is less than 10-14.  in this case 
the accuracy of  the two-center  wave function is 
better than 3 X 103.  The adiabatic correlation 
diagram for the U-U  system has been published 
e1sewhe1-e.~~~~~ 
As an example of  a relativistic correlation dia- 
gram we  show in Fig. 1 the binding energies of 
several bound states in the Pb-Pb system.  In 
order to point out the different dependence of  en- 
ergy eigenvalues on two-center  distance R, we 
have chosen various representations of  the adia- 
batic Pb+Pb correlation diagram.  In Fig.  l(a) 
we plot on a double logarithmic scale the 21 lowest 
U  (solid lines) and n  (dashed lines) states between 
R = 15 fm and R =  3000 fm.  The relativistic split- 
tings between the states 2p,l,u -  21>,1,0 of  316.6 
keV,  3p31,0 -  3p  ,l,a of  59.5 keV,  and 4p31,~ 
-4p,,,u  of  21 keV at R = 15 fm are striking.  In 
consequence of  these strong splittings there are 
avoided crossings between the 3pllzu  and 2p,l,a 
state at 18 fm and the 4pll,u and 3p31,u state at 
15.5fm.  At R-2700fm  we alsofoundapseudo- 
crossing between the 4d,l,u  and the 3so state. 
The energy levels in rectangles I and I1 between 
300 and 1000 fm are presented separately on a 
linear scale in Figs.  l(c) and l(d).  The sudden 
energy change of  the strongest bound states near 
the distance of  closest approach is most impres- 
sive if  energies as a  function  of  two-center 
distance R  are drawn  on  a  linear  scale [Fig. 
l(b)].  In  the  region  15 fm SR  s 100 fm we 
found  the following  energy  changes:  330  keV 
for the lsu state, 208 keV for the 2p,,,o  state, 
and 91 keV for the 2so state.  In Fig.  l(c)  we  note 
especially the avoided crossings between the 4sa 
and the 4d3,,u  states at 400 fm and between the 4so and the 4d512u  states at 625 fm.  The interac- 
tion of  the energy levels between the 4so and the 
4d3/,u states is much larger than that between the 
4so and the 4d5/,u states.  We  found AE =0.35 keV 
for the avoided crossing at R=  400 fm and equiva- 
lently AE  = 0.03  keV at  R = 625 fm.  The energy 
difference at  the pseudo crossing between the 
4d3/,a and 4d,12~  states at R- 1100 fm is about 
1 keV.  Furthermore, we remark that the 4pSl2a 
state shows an energy minimum at R = 425 fm. 
The behavior of  electron states in Fig.  l(d) is 
equivalent to that discussed in Fig.  l(c). We 
found an avoided crossing between the 3sll,o and 
the 3d,/,o  states at R = 425 fm, with a minimum 
energy difference of  AE =  0.75 keV.  A second 
avoided crossing appears at R =  640 fm with  AE 
= 0.05 keV.  A pseudocrossing results between 
both 3da states at R -1100  fm with  AE= 2.6 keV. 
of  the relation 
where VTc  is the two-center Coulomb potential and 
d„  and Q,  are  the corresponding orthogonal wave 
functions.  When the two-center potential is  ex- 
panded into multipoles  ,509  559  56 this leads for Y <SR 
to 
and for ~3 SR leads to 
IV.  COUPLING MATRIX ELEMENTS BETWEEN  with 
BOUND STATES  -- 
After solving the TCD equation,  we  can calculate 
the radial and rotational matrix elements.  The  the total matrix element becomes for the initial 
radial elements are conveniently evaluated by use  (f,g)  and final (F,  G) wave function: 
The absolutevalue of  radial matrix elements be- 
tween bound states are  presented in Figs. 2 and 3 for 
the Pb- Pb system and in Table I for the U-U  sys- 
tem.  The radial matrix elements (nfsula/a~lniso) 
have the approx~mately  Same slope and size  if the 
difference between the mainquantum numbers n, -  ni 
is the Same, e.g.,  lso-2so,  2so-3so,  3so-4so 
or  lso  -  3so, 2so  -4so.  The couplings to the Iso 
state and those to the 2sa state are shown sepa- 
rately (Figs. 2 and 3).  The most noteworthy fea- 
ture of  the radial matrix elements is, however, 
the steep increase of  their magnitude even at very 
small R.  25*50  In comparison a nonrelativistic 
a/aR  matrix element scaled to the U-U  system 
shows a decrease at small distances R. 58  The 
difference is due to the fact that for Z ,  + Z2  z 137 
the nso and npll, o wave functions are  extremely 
sensitive to changes in R, especially for small 
separations.  This is related to the lack of  a 
"runway"  in the correlation diagram.  We  find 
that the matrix elements between the wo  and the 
(n  + k)so  states scale as l/(k + 1)' to a good ap- 
proximation. 
Figures 4 and 5 present the a/aR  matrix ele- 
ments between the low-lying odd parity states of 
the U-U  and Pb-Pb quasimolecules.  The sharp 
discontinuities in Fig. 4 occurring atR- 50fm are 
due to the avoided crossing between the 2p,,,o 
and 3pl120  levels at this separation.  This in- 
fluences the adiabatic states strongly, but will 
have only little effect in a collision (diabatic 
' 
states).  In comparison the results obtained in the 
monopole approximation [only I = 0 in Eqs.  (22) 
and (23)] show a smooth behavior,  thus contribut- 
ing a convenient basis of  diabatic molecular 
states.  Since it is  known that the discontinuities 
due to avoided crossings in full adiabatic two- 
center calculations may often be neglected in the 
evaluation of  dynamical processes, the monopole 
approximation provides an excellent starting basis 
for  numerical calculations, being even Superior 
to the full two-center  basis at small internuclear 
distances due to  the general diabetic character of 
the states. 
Next we shall discuss the influence of  the trans- 
lation factor~~~~l  on the transition strength between 20  -  ELECTRONS IN SUPERHEAVY QUASIMOLECULES 
FIG. 2.  Relativistic two-center  calculations for the 
absolute value of  8/8~  matrix elements with the lsu 
state in the Pb-Pb  system.  The discontinuities at R  -  500 fm result from avoided crossings. 
FIG. 3.  Same as in Fig. 2 for the 2su itiitial state. 
bound states.  In  order to obtain constant occupa- 
tion amplitudes a,(t) for t -  in dynamical cal- 
culations,  it is necessary that the coupling matrix 
elements vanish asymptotically.  The a/aR matrix 
elements evaluated according to (24) exhibit con- 
TABLE I.  Relativistic two-center  calculations of  B/~R  matrix elements between nsu states in the U-U  system as a 
function of  the internuclear Separation R . 
R(frn)  I  a  a  a  a  a  a 
@sulaRllsu) I  / bsulan12so)  1  1 $sulan13su)  1  /(3sulEllsu)  /  I  (4sulan12si  1  1 (4suignllsu)l 
-- 
20  5.6808  5.0676  5.3012  2.3397  2.2857  1.2831 
3  0  3.6754  3.4366  3.5668  1.5039  1.5658  0.8353 
50  2.1322  2.1204  2.1890  0.8802  0.9773  0.4974 
7  0  1.5297  1.5826  1.6316  0.6396  0.7345  0.3657 
100  1.0677  1.1438  1.1610  0.4540  0.5265  0.2589 
150  0.6857  0.7548  0.7772  0.2979  0.3552  0 .I750 
200  0 5387  0.5988  0.6153  0.2378  0.2644  0 .I411 
300  0.37 69  0.4152  0.4121  0.1705  0.1947  0.1024 
400  0.2993  0.2979  0.1352  0.1086  0.0560  0.0477 
500  0.2582  0.2840  0.2887  0.1130  0.1361  0.0684 
700  0.2061  0.2242  0.2296  0.0939  0 .I081  0.0574 
850  0 .I894  0.2024  0.2067  0.0867  0.0978  0.0532 
1000  0.1666  0.1756  0.1793  0.0766  0 J852  0.0472 
1500  0 .I437  0.1358  0.1365  0.0649  0.0663  0.0398 
2000  0 .I568  0.0891  0.0959  0.0628  0.0455  0.0372 
2500  0 .I366  0.0493  0.0457  0.0437  0.0282  0.0238 
3000  0 .I238  0.0532  0.0437  0.0287  0.0297  0.0126 176  SOFF, GREINER, 
FIG. 4.  Absolute value of  a/a R matrix elements be- 
tween low-lying states of the U+ U quasimolecule.  The 
sharp discontinuities at R -  50 fm are due to the avoided 
crossing between the 2P3/2~  and 3pilZu  levels at this 
Separation. 
stant tails which give rise to unphysical oscilla- 
tions in the amplitudes at large Separations.  This 
behavior is  known to be due to the failure of  the 
stationary molecular states to be asymptotic sol- 
utions of  the scattering equation with two atoms 
moving apart with velocity 7.  if  the velocity 7 is 
of  constant magnitude and parallel to the z  axis, 
then we have to multiply each separated atoms 
wave function by  a"trans1ation"  factor exp(*iim,?.if) 
depending in sign on which side the wave func- 
tion is centered.  Note that the translation factor 
is  only correct for large two-center distances R, 
where the straight-line trajectory is  a good ap- 
proximation and the electron is localized on one 
nucleus.  To describe symmetric systems, one 
has first to form combinations of  an even and the 
corresponding odd parity molecular state to de- 
scribe a single separated atoms wave function and 
then again to take the (anti-or) symmetric com- 
bination of  the boosted states: 
FIG. 5.  Absolute value of  a/a R matrix elements be- 
tween low-lying states of the U+ U quasimolecule. 
For U-U collisions at v/c  -0.1 we find that the 
sin/cos factors oscillate once through 2n  in 50000 
fm, making only a small effect on the lso level 
which is localized within less than 1000 fm.  It is 
therefore reasonable to include the translation 
factors only up to first order in the projectile 
velocity V.  The matrix elements of  the so-cor- 
rected wave functions (25) are in the dipole ap- 
proximationsO: 
If +:)  = I lso), then +:-'= 12p,/,u),  etc.  z  is the 
intrinsic coordinate along the molecular axis.  The 
matrix elements (26) vanish rapidly beyond R 
=  2000 fm, indicating the point where the tails of 
the two K shells just begin to touch. 
In the truly molecular region (R s 1000 fm) the 
use of  the full velocity 7 in the translation phase 
factor does not seem to be justified  since the elec- 
tron belongs to neither nucleus.  Various authors5' ELECTROYS IN SUPERHEAVY QCASIMOLECULES 
FIG.  6.  Rotational-coupling matrix elements of  the 
U+U  system.  The sharp discontinuities are due to the 
avoided crossings between the following levels: 
2fiJflu, 3pinu  (R -  50 fm); 4su, 4du (R -  fm)  arid 
4su, 4du (R  -400  fm). 
FIG.  7.  Rotational-coupling matrix elements of  the 
U+U  quasimolecule.  The sharp discontinuities are due 
to the avoided crossings between the following levels: 
2p3/2u, 3Pi/2~  (R  -  50 fm); 4su, 4du  (R  -  100 fm); 
~SU,  3do  (R -  400 fm) and 4s0, 4du  (R  -  400 fm). 
have tried to remedy this by introduction of  a  ment.  In  consequence, our choice has been f(R) 
weight function f(R,?) in front of  U.  The U-U  =  1 everywhere. 
system is favorable in this respect, because at  Due to the intrinsic rotation of  the quasimolecule 
small R the effect of  the phase factor tends to be-  with angular velocity 2 =  wQ„  W = bv(~)/~',  there 
come a very small correction to the matrix ele-  also exist rotational matrix elements: 
FIG. 8.  Comparison be- 
tween some absolute values 
of  a/a R -  and J,/R  matrix 
elements in the Pb-Pb  sys- 
tem. Figures 6 and 7 show the rotational-coupling ma-  parity 3d3/,u and 3d,/,u is negligible for small R 
trix elements (J,)  for the U-U system.  The sharp  we have included only nsu bound states for cal- 
discontinuities at several points are due to the  culations of the lsa  vacancy production in a sym- 
avoided crossing between states with the Same  metric collision system. 
parity and magnetic quantum number  /J..  The 
spin-orbit interaction causes a splitting of  the 
2p3,,0 and the 2p3/2a  states.  in the correlation 
diagram Fig. 1 we  See that the corresponding en- 
ergy difference is small.  It was shown that the 
relativistic states 2p3/,u, 2p3,,a,  2pl120, and the 
nonrelativistic states 2pu, 2p71 are related by an 
angular momentum  (j  -1  -  s)  recoupling scheme: 
The 2fi3/,u state becomes a 2pa-like state for 
large separations.  That is the reason why  the two 
matrix elements 
join with increasing R (see Fig.  6). 
To obtain a comparison between the radial and 
rotational coupling we have drawn in Fig.  8 some 
a/aR  and J,/R  matrix elements in the Same units. 
Note that the actual rotational matrix element is 
less than the drawn curve, because 
V. THE MONOPOLE APPROXIMATION 
In the calculation of  direct excitation into the 
upper continuum (E  > m,c2) we apply the monopole 
approximation, where only the term with 1 =  0 in 
the multipole expansion of  the two-center potential 
is taken into account.  In this appraximation a 
charged spherical shell of  radius Rn=  SR simulates 
the Coulomb potential of  two nuclei separated by 
distance R. 
We  solve the Dirac equation with the monopole 
potential taking into acconnt the finite size of  both 
nuclei,  whereby binding energies and transition 
strengths are reduced compared with point-nuclei 
results.  Assuming nonoverlapping homogeneously 
charged spheres with radius RN„  the a/aR  matrix 
elements between initial state ai  and final state 
4, become 
(I/R)(~'  .I/  =(v,b/kR2)j<  j/~,  a  2(z1fZ2)e2  bf(~,y)@<(~,y) 
($fIzIai)=~z(~i  -Ef) L'+ 
where b  is the impact parameter and R is the two- 
center distance.  As  the most important result for 
the following ionization calculations we  emphasize 
that the rotational coupling vanishes for small 
distances R.  Si~ce  the coupling strength between 
the ns~  and the lowest accessible states with even  Here 
for Y-  <Y  <Y+  (29) 
and 
For pointlike nuclei (R,,,,,  =  0) the monopole po- 
tential is 
-2(Z1 +  Z,)e2/R  for Y  SR 
V,  = -(z,  + z,)e2/y  for Y > SR, 
and the factor M in Eq.  (28) reduces to M = 1.  As 
an exa.mple the finite nuclear size (RN, -7  fm) re- 
duces the lsu  binding energy in the Pb-Pb system 
at  R =  15 fm by  about 5%.  The influence on cou- 20  -  ELECTRONS IN SUPERHEAVY QUASIMOLECULES  179 
FIG.  9.  Relativistic correlation diagram for the 
U + Cf  system calculated in the monopole approximation . 
The binding energies in the total united atom limit with 
Z = 190 are also indicated.  At the critical separation 
R,=  44 fm the lsa state dives into the negative energy 
C ontinuum. 
pling matrix elements, which is much stronger, 
will be discussed later. 
Systematic comparisons have shown that the 
electronic binding energy of  nsu states in super- 
,heavy quasimolecules is reproduced correctly up 
to 5% accuracy by  the monopole potential com- 
pared with exact two-center  calculations,  if  the 
distance between the ions is not too large (R  < 1000 
fm).  A detailed discussion of  the validity of  the 
monopole approximation has been published else- 
where. 60  AS an example we evaluated radial ma- 
trix elements between nso bound states in the 
monopole approximation,  and compared these data 
with the exact two-center  calculations.  We  found 
good agreement within 2% for the U-U  and Pb-Pb 
system in the range of  20 fmG RG 400 fm.  The 
accuracy of  the monopole approximation for Xe- 
Pb and similarly for the symmetric system Er- 
Er is  better than 6% up to R -  1000 fm.  The dif- 
ference in the radial coupling matrix elements 
(2.7~1  a/aR  I lsu) between the symmetric and asym- 
metric system is  only about 5% for R S 500 fm, 
which leads to the important conclusion that the 
lsu ionization rate in superheavy quasimolecules 
is a function of  the total charge 2 =  2,  + Z„ but to 
a very good approximation independent of  Z,/Z„ 
at least for asymmetries on the range 13  z,/Z, 
20.65.  As an example for a correlation diagram 
calculated within the monopole approximation we 
show in Fig.  9 the electronic binding energies as 
a function of  two-center distance R for one of  the 
heaviest Systems accessible to experimental in- 
vestigation. 
It is proposed to produce the superheavy elec- 
tronic quasimolecule Z = 2,  +  Z,=  190 in collisions 
of  „U  as  projectile and „Cf  as target.  The finite 
nuclear sizes of  projectile and target are taken 
into account.  At  a critical distance of  R„=  44 fm 
the 1s U state dives into the lower continuum (E 
< -m,c2).  The Same happens for the 2p,/,u state 
at R„  =  18 fm.  For R < R„  electronic energies 
----  Pont Nucle~ 
Extended Nuciei 
E N  30elec!rons 
...-.-... SN., Ollelecirons 
FIG. 10.  (a) Critical two-center distance for the lsu 
state as a function of  total nuclear charge Zi+Z2. The 
corresponding values for point and extended nuclei are 
given separately.  The screening corrections have been 
treated mithin a Thomas-Fermi  model including 30 and 
100 electrons, respectively.  (b) Binding energies for the 
lsu and 2pi12u  electrons at a two-center  distance R=  15 
fm as a function of  total nuclear charge Z,  +Zz. The 
finite nuclear size has been taken into account.  The 
binding energies are determined by findlng the resonance 
position in the negative energy continuum. are  calculated by determination of  the resonance 
position in the lower continuum.  For R = 15 fm 
we find E„,=  -1600  keV,  E„,  = -425  keV,  E„, 
= -145  keV,  and E„,,„=  -1120  keV.  The 2p 
splitting is E,,,„  -  EWI  ,,,=  980 keV.  The drastic 
energy change between R= 100 frn and R= 15 fm 
amounts to 850 keV for the lsa  state and to 740 
keV for the 2p1  „U  state, respectively.  The rela- 
tive change in the binding energy is  therefore max- 
imal for the 2p,,,ulevel. 
Figure 10(a) shows the critical two-center  dis- 
tance for the lsu state as  a function of  the total 
nuclear charge in the range 173  2,  + 2,  -' 200 in- 
cluding tlie influence of  finite nuclear size, and the 
screening of  30 (100) residual electrons in the 
Thomas- Fermi approximat ion.  Meanwhile an even 
more elaborated calculation of  the influence of  the 
electron-electron interaction on the critical inter- 
nuclear separation has been presented in Ref. 87 
To a good approximation the lsu  binding energy 
according to potential  (30) can be scaled by60 
with 
i=1  for Z,CZGZ, andi=2 for Z2-'ZG20Owith 
Zl=  136, Z,=  168.  The paramiters Ei and yi  are 
given by  E,= -381  keV,  E, = -930  keV,  E, 
= -2280  keV,  and y,=0.1162,  y2=0.2854, y, 
=  0.4899.  Equivalent parameters are also ob- 
tainedo0  for the monopole potential with respect to 
finite nuclear size and electron screening. 
Before we discuss the qualitative behavior of 
coupling matrix elements between bound states 
and continuum states let us briefly review the cal- 
culation of  relativistic continuum wave functions 
in the monopole approximation. 
VI.  RELATIVISTIC CONTINUUM WAVE FUNCTIONS 
The relativistic continuum wave functions for a 
spherically symmetric potential V(r) are given by 
the solutions of  the radial Dirac equation6' (E= C 
= 1): 
Positive energies (E  z m,) describe electron states 
whereas negative energies (E < -m,)  describe posi- 
tron states. 
We  have solved the two coupled equations of  first 
order numerically with Hamming's  modified pre- 
dictor -corrector method. 57  This procedure gen- 
erates the wave function at arbitrary points up to 
a normalization constant from four initial values 
for G=g'v=u, and F=f  .v=u„  at the origin, 
which must be known very accurately.  We  nor- 
malize the continuum wave functions to 6 functions 
in the energy variable: 
~m(G,GE.+FEFE.)dv=6(E  -Et).  (34) 
For the cutoff  Coulomb potential (a  = e2/Ec) 
V=-Z~/Y  for rzd, 
the regular solutions of  the radial equations (33) 
can be given analytically.  With S,=  K/I  K  /  and 
p"  (E + V,)'  -mZe,  it foliows for VS d61: 
with i=  2 -SR.  The relations are valid also for 
V,= 0 and hence include the solution of  the Dirac 
equation for free Spin 1/2 particles.  In  general 
the positron and electron radial wave functions 
FIG.  11.  Radial density distributions  I$Y I'=G'+F~ 
of relativistic continuum wave functions with K=-1 and 
K = + 1,  Electron states with kinetic energy E = 50 keSr, 
300 BeV,  and 1000 lieV in the Pb-Pb quasimolecule at a 
separation R = 15 fm are  considered.  No difference be- 
tween the wave functions is found for Tc20 fm. 20  ELECTRONS IN SUPERHEAVY QUASIMOLECULES 
satisfy the relations  with p2  =  E2 -  me and 
Solutions (36) are valid only outside the 'gap" 
-m,  -  V(Y)  GE  +me  -  V(r).  In  superheavy sys- 
tems this gap is situated at energies E < -10  MeV, 
and has no relevante for ionization nor for e',  e- 
pair creation in collisions of  very heavy ions. 
For the harmonic oscillator potential 
V(Y)=  -(Za/2d)(3 -i3/d2)  for yGd,  (38) 
V(Y)  = -Z~/Y  for Y > d , 
the solutions for G and F for Y S d can be given in 
terms of  a series expansion.  For K = k = I K I we 
can write6' 
an  and b,  follow from the comparison of  coeffi- 
cients,  if one inserts ansatz (39) in Eq.  (33): 
b,=  (2k+l)a0/[d(E  +m,) + +Za], 
b,= -(id(~  -W,)+ $Za)ao 
a,=(Ed(~+m,)+  $Za]b, -  $Zab0}/(2k+3) ;  ,  (40) 
for n > 1 we have 
F,=  (-E  -me)"2(@)-'12  for E < -m,  ;  (43) 
F2=  -(E -  m,)112(~p)-112  for E > m, , 
Fz  = (-E  + me)'/2(?ip)-1/2  for E < -m, .  (44) 
Using the unnormalized wave functions calculated 
numerically up to the asymptotic region, we obtain 
In  Fig.  11 we  show the radial density distribution 
F'  + G2 for continuum electrons with kinetic ener- 
gies of  50 keV,  300 keV.  and 1 MeV for the Pb- 
Pb quasimolecule separated by R= 15 fm.  The 
S(K = -1)-and  p(~  = 1)-wave  contributions are 
calculated taking into account the finite nuclear 
size of  the Pb nuclei. 
By finding the resonance position of  continuum 
wave functions in the negative energy continuum, 
we also can determine binding energies in over- 
critical fields.  In  Fig.  10(b) the lsu  and 2pl12u 
binding energies are displayed as  a function of  the 
total nuclear charge Z =  Z, + Z2  for a two-center 
distance R = 15 fm.  For this separation (just be- 
fore both nuclei touch) the lsu  binding energy is 
larger than 2 MeV for Z = 200. 
VII.  COUPLING STRENGTH BETWEEN BOUND 
AND CONTINUUM STATES 
The overall agreement between results obtained 
within the monopole approximation and exact two- 
center calculations in the case of  bound levels 
makes it possible to evaluate the matrix elements  For K  = -k,  G and F as  well as  the sign of  E and 
to continuum states without actually computing  Z must be exchanged.  relativistic two-center  continuum wave functions.  The Dirac radial functions are now determined  However,  this restricts our considerations to  uniquely up to the normalization constant a, in  radial coupling.  Eqs.  (36) and (40).  Two different procedures have 
been applied in order to extract the normalization  For the Pb-Pb system the numerically calculated 
matrix element D, = ( 4,  I a/aR I +„)  between the  constant a, from the large-Y  behavior of  the wave  lsu  state anda su contlnuum state with total energy  functions . 
(i) For the potentials (35) and (38) the continuum  E(m, = 1) are displayed in Fig.  12 versus two- 
wave functions can be  represented in analytical  center distance R.  Qualitatively, they show the 
Same behavior as  the bound-bound  state couplings,  form.''  A comparison of  these analyticalwave  especially a rapid falloff at larger separations.  functions with values, obtained by  using the nu-  The dashed lines denote the values obtained for the  merical integration procedure at one certain point  point nuclei.  At R = 14 fm the finite nuclear size 
Y„  uniquely determines a,.  However,  the explicit  reduces D, by  about 30%, and its influence de -  calculation of  the analytical wave functions at all  creases for growing R  and can be neglected for  points Y  cannot be recommended because of  large  R > 50 fm.  However,  since the radial matrix ele- 
computing time and accuracy problems for large  ments enter quadratically into the ionization prob-  arguments pr.  abilities, the finite nuclear size considerably  (ii) The asymptotic solutions for Y-  of  the  modifies the vacancy production rate.  42  radial equations (33) normalized to (34) are  The dependence of  the transition strength at 
fixed R = 14 fm on continuum energy E can be taken 
~=~1cos[~y+6(y)l  , F=Fz sin[py+6(y)l,  (42)  from Fig.  13.  As initial states the lsu, 2plI2o, FIG. 12.  Absolutevalue of a/aR matrixelements inunits 
R= C  = m, = 1  between the lsa  state  and several  continuum 
states  with total energyE as  a function of  two-centerdis- 
tanceR in fm.  Point-nuclei  results (dashed lines) and ex- 
tended nuclei results (solid lines) are shown separately 
for the Pb-Pb quasimolecule. 
2.~0,  and 3su states are  considered.  For low 
final-state energy the matrix elements of  the high- 
er  bound states dominate, whereas for E > m ,c2 
the lso  ionization becomes more and more impor- 
tant.  Even for very high energies the lso  and 
2p,/,u transition strengths to the continuum stay 
comparable.  This leads us  to the important con- 
clusion that a spectroscopy of  high-energy con- 
FIG.  13.  Dependence on 
continuum energy of  the ab- 
solute value of  a/aR  matrix 
elements in units of  E-c 
m,  = 1.  As initial states in 
rhe Pb + Pb quasimolecule 
at an internuclear  separa- 
';:2']  tionR=14fmtheIsc, 
isa  1  2p1/2~,  ~SU,  and 3sn states 
are considered. 
FIG.  14.  Dependence on total nuclear chargeZ,  +Z2  of 
the absolute value of  a/BR  matrix elements to the con- 
tinuum in units of  ti=c=m,=  1.  The continuum states 
with total energy E = 1.02,  2, and 8 m, at the two-center 
distance R = 14 fm  are considered. 
tinuum electrons (6 electrons) for Z 2  164 does not 
allow us  to separate information of  binding ener  - 
gies or  form factors out of  the quasiatomic K shell 
in s  jmmetric collisions.  Because of  the smaller 
Fourier frequencies necessary for ionization, the 
2p,120  excitation always produces the dominant 
contribution. 
In Fig.  14 D,  is plotted for the initial states lso 
and 2p,,,o  as  a function of  the total nuclear charge 
Z=Z,+Z,.  For 148G Z G 172 we find a linear in- 
crease leveling off  to a constant for 2 > 180. 
Finally we mention that for pointlike nuclei an 
overall parametrization of  the radial matrix ele- 
ments is achieved by a power law (Z'= 184 -Z)25362: 
with 
and 
VIII.  EXCITATION T0  THE CONTINUUM 
In  collisions of  very heavy ions the strongly 
bound electrons can be excited directly to the con- 
tinuum.  We  investigated this process in the 
framework of  time-dependent perturbation theory 
according to Eqs.  (1  1) and (12).  25-27950.58*62  Effects 
of  rotational coupling in general must be treated 
in the strong coupling limit and therefore cannot 
be considered in this context.  In  Fig.  15 the lso 
ionization probability is displayed as  a function of 
the two-center distance R for a central U+  Cf  col- 
lision (b  =  0)  with R„,  = 15 fm.  The probability is 
integrated over all final-state continuum energies ELECTRONS IN SUPERHEAVY QUASIMOLECULES 
FIG. 15.  Number of  created lsn vacancies during a 
head-on  collision (b  = 0)  of  U on Cf.  R, denotes the 
two-center distance where the lsa state dives into the 
negative energy continuum. 
and the influence of  the finite nuclear size has 
been included.  The critical distance at which the 
quasimolecular K shell dives into the negative en- 
ergy continuum amounts to R„=44  fm for the U- 
Cf  system. 
The transition probability to the continuum 
reaches a first maximum on the incoming branch 
of  the Coulomb trajectory with E  I a(R  = 22 fm)  1 
=  0.023.  Due to the stronger binding for smaller 
separations R and the lower ion velocity V  in the 
range of  minimum approach, this probability is 
then reduced again.  Near the distance of  closest 
approach V  changes strongly in magnitude as  well 
as in sign.  Therefore the electrons can no longer 
follow the nuclear motion adiabatically.  In  con- 
sequence the ionization rate increases drastically 
and  reaches a  maximum  at R=36 fm with 
E  1 a(t)  I$,  -  0.075.  The average ionization prob- 
ability for the diving period of  the lsa level is 
/ a(R  <  R„)  I a,  -0.05.  There are numerous oscilla- 
tions in the vacancy production rate on the outgoing 
10 
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FIG. 16.  impact-parameter dependence of  lsu ioni- 
zation to the continuum  (~>m,c~)  in the superheavy 
quasimolecules U+Cf and Am+Cf at  two different bom- 
barding energies. 
FIG. 17.  Impact-parameter dependence of  direct 1su 
and 2pilzoexcitation to the continuum in  Pb-Pb,  Pb-U, 
and U-U  collisions at Elab  =4.7  ~eV/u. 
branch of  the trajectory.  Especially for large R 
the integration over final states with different 
phase relations leads to irregular frequencies and 
amplitudes.  The asymptotically (t -  m)  observable 
K-shell ionization probability is  P(b  =  0) 
=C  I a(t -  W) /  = 0.025.  Due to the strong relativ - 
istic effects in the electronic levels of  superheavy 
quasimolecules, this result is  by  several orders 
of  magnitude larger than nonrelativistic extrapola- 184  SOFF, GREINER, 
tions had predi~ted,~~  but of  the Same order of 
magnitude as  estimated by  Burch et ~1.~~ 
Upon variation of  the impact parameter we  find 
that P(b) has a maximum for P„,(b)  at b -  5 -10  fm 
for the systems U + Cf  and Am + Cf65  (Fig.  16). 
In  spite of  the higher Fourier frequencies available 
in central collision  (b = O),  the ionization probabil- 
ity is a little bit smaller there.  This is  caused by 
the stronger binding at smaller Separation R -R,i, 
and by the reduction of  the coupling strength due to 
the finite nuclear size.  For b > 20 fm the vacancy 
production probability via radial coupling to the 
positive continuum decreases drastically. 
In  Fig.  17 we compare the direct ionization of 
the lso  and the 2pl120  level for the collisions Pb- 
Pb,  Pb-U,  and U-U  at  Elab =  4.7 MeV/u.  First of 
all we observe that the ionization decreases with 
increasing total nuclear charge due to increased 
binding.  Furthermore, the decrease of  P(b) as 
function of  impact parameter is much weaker for 
the 2pl120  state than for the stronger bound  lso 
state.  Here, in contrast to the results shown be- 
fore, projectile and target nuclei are assumed to 
be pointlike.  For central collisions the 2p,,,o 
ionization is about an order of  magnitude larger 
than that of  the lso  level.  We  stress, however, 
that the impact-parameter dependence of  the 
2p„,o  vacancy creation may be  modified consider- 
ably by the strong rotational coupling between the 
substates of  the quasimolecular L shel14' (see Sec. 
XI). 
In  Fig.  18 we present the impact-parameter de- 
pendence of  lsu  ionization for the systems Xe + U 
and Xe + Pb with total charge of  Z =  146 and 136, 
respectively,  at various bombarding energies. 
Contrary to the heavier systems like U+  Cf,  here 
the vacancy production rate for b = 0 grows with 
increasing Z.  As a function of  Z  also the impact- 
parameter dependence P(b)  becomes steeper, but 
the falloff  is still much weaker than in systems 
with 2,  +Z,  > 160. 
The main result of  this paragraph is  that these 
results predict ionization probabilities of  several 
percent for head-on  collisions caused by the rela- 
tivistic effects in the bound and continuum states. 
These theoretical predictions have meanwhile been 
verified by  experiment.36-39y75*82*85 
In Fig.  19 we compare our numerically calcu- 
lated values for P(b)  with coincidence data of  the 
experimental atomic physics group at GSI. 74  Col- 
lisions with Pb as  projectile on several targets at 
Elab=  4.7 MeV/u  are investigated for different im- 
pact parameters, where the lso  ionization prob- 
ability was measured in coincidence with the scat- 
tered ions.  Good agreement between theory and 
experiment is  found in the slope of  the exponential 
falloff  but in general the experimental data are  by 
FIG. 18.  Impact-parameter dependence of direct Iso 
ionization in Xe-Pb and  Xe-U  collisions for different 
bombarding energies. 
a factor 2 or 3 larger than the theoretical results. 
We  emphasize that in the calculations only tran- 
sitions to the continuum but no couplings to vacant 
bound states are con~idered.~~~~~  Also compared 
with the experimental dataof  Greenberg et  al.36  and 
Anholt and ~eyerhof~'  for the lso  ionization,  our 
corresponding theoretical values are too small by 
7  T 
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FIG. 19.  Impact-parameter  dependence of  lsu ioniza- 
tion in collisions with  Pb as projectile on  various tar- 
gets.  For comparison we  show the corresponding ex- 
perimental data of  Ref. 74. 20  ELECTRONS IN SUPERHEAVY QUASIMOLECULES  185 
about a factor of  2 or 3, which possibly can be ex- 
plained by the neglect of  vacant high-lying bound 
states in the calculation of  the ionization ampli- 
tude.  In Summary, the main feature of  the ex- 
perimental data are  the large ionization probabil- 
ities of  several percent and the strong falloff with 
increasing impact parameter. 
In Fig.  20 the ion energy dependence of  the lso 
ionization is displayed for the total charges Z=  136 
and 2 =  164.  Altogether the curves for 2 =  164 
show a steeper dependence on E„,  as  those for Z 
= 136.  Due to a relatively flat falloff of  P(b), the 
total ionization cross section is  always larger for 
the lighter system independent of  ion energy, de - 
spite larger vacancy -creation rates for the heavier 
system in central collisions at high impact ener- 
gies.  At  large projectile energies the energy de- 
pendence of  ionization scales according to a power 
law.  This law,  however,  does not Cover,  and can- 
not be extended to, the whole range of  projectile 
energy shown in the figure. 
The most important result of  our investigations 
is the possiblility to utilize the impact -parameter 
dependence of  ionization to perform a spectroscopy 
of  the quasimolecular states during the colli- 
For example, the increase of  the lso 
ionization probability in head-on  collisions up to 
2 = 164 is caused by the relativistic effects in the 
coupling matrix elements.  Beyond  164 the lso 
G „,  i barnl 
'TE---- 
FIG. 20.  Total cross section and number of  created 
vacancies in head-on collisions  (b  = 0) for direct lsa 
ionization as a function of  the bombarding energy.  The 
superheavy quasimolecules 2  = 136 and Z  = 164 are con- 
sidered. 
binding energy increases rapidly as  a function of 
Z, so  that much higher Fourier frequencies for 
ionization are needed.  These frequencies are 
scarcely available in collisions below the Coulomb 
barrier.  In  consequence the number of  created 
vacancies per collision decreases again for Z 
> 164.  A measurement of  this behavior would be 
the first experimental confirmation of  the strong 
binding of  the 1s  o electron for 2 > 170 and the 
diving into the negative energy continuum, as  the - 
oretically predicted.  4*10-12767 
The possibility to perform a spectroscopy be- 
Comes more transparent in an analytical model of 
lso  ionization. 62  According to this model 
with 
Z' = 184 -  Z and V, is the incident ion velocity. 
R„„(b) denotes the minimum two-center distance 
on a given Coulomb trajectory and E,„  the kinetic 
ion energy in the center of  mass frame.  Accord- 
ing to formula (49) the impact-parameter depen- 
dence of  ionization essentially shows an exponen- 
tial behavior.  The main feature of  formula (49) 
is the one-to-one  correspondence between the 
binding energy E,(R„,)  of  the lsa  level at  the dis - 
tance of  closest approach and the impact-parame - 
ter dependence of  the ionization probability P(b), 
which can be measured experimentally.  For the 
calculation of  binding  energies formula (29) can be 
used. 
Before we discuss some aspects of  vacancy crea- 
tion caused by radial and rotational couplings be- 
tween bound states we briefly comment on a back- 
ground contribution to inner -shell ionization.  in - 
duced by nuclear Coulomb excitation in collisions 
of  very heavy ions, internal conversion may take 
place.  This process is  particularly important for 
deformed heavy nuclei like 238~,  whereas its con- 
tribution for '08pb is  completely negligible.  This 
is caused by  rather weakly populated high-lying 
excited states of  the 208~b  nucleus (3- at 2.615 
MeV and 2'  at 4.086 MeV) and by  a small conver- 
sion coefficient (a,  < 10-3)  for the corresponding 
transitions.  In  238 U,  on the other hand,  several 
rotational bands with large conversion coefficients 
can be  strongly excited. 
Numerical calculations for inner-shell ionization 
via internal conversion have been performed for 
the Systems '36~e-238~  and 238~-238~.  *'  The im- 
pact-parameter dependence obtained for the num- 
ber of  created vacancies per collision P(b) differs considerably from that of  direct ionization in the 
superheavy quasimolecule.  Interna1 conversion 
leads to typically 0.2-0.3  K holes per central 
collision.  Furthermore, we found for P(b)  a 
strong exponential decrease for larger impact pa- 
rameters with falloff  constants of  aE4  fm.  The 
total Cross sections of  the nuclear process and di- 
rect ionization are comparable.  Fortuiiately, by 
the Doppler shift of  the characteristic X-ray lines, 
direct ionization (T$, -  10-l9  sec) can be distin- 
guished experimentally from internal conversion 
ionization (T&,, -  10-I' sec), which takes place when 
the ions are stopped in the target. 
On the other hand,  the possibility of  performing 
X-ray spectros~opy~~-~'  of  inner -shell electronic 
states in superheavy quasimolecules is strongly 
restricted by nuclear Coulomb excitation.  For 
238  U-'~~U  the nuclear photon spectrum exceeds the 
expected quasimolecular photon spectrum by at 
least two orders of  magnitude. 42  Only in the sys- 
tem '08pb + 208~b  radiative transitions to the quasi- 
molecular K shell can be investigated experimen- 
tally.  However,  we have to stress  that this con- 
clusion does not concern the other molecular or- 
bital transitions with only several keV  energy. 
Here it has been already successfully demon- 
strated3' by the determination of  peaks in the an- 
isotrop~  of  the quasimolecular radiation that elec- 
tronic transition energies can be measured ex- 
perimentally up to systems with Z =  Z, +  Z, -  184. 
IX.  TRANSITIONS BETWEEN BOUND STATES VIA 
RADIAL COUPLING 
In this section we consider the vacancy produc- 
tion probability of  innef.-shell electrons mediated 
by the radial coupling R(  @f)  2/2R  I  to higher 
bound states, which are supposed to be vacant ini- 
tially (L -  -W).  In  contrast to the direct excitation 
to the continuum, the following calculations include 
the assumption of  an initial vacancy as  parameter. 
Since it is not possible to solve the infinite set of 
coupled differential equations (9), we restrict our 
basis to the lso, 2sa,  3so, 4.~0,  and 5so states. 
In order to save computer time it is also iiseful 
to transform Eq.  (9) from t to the parameter 5  of 
the Rutherford trajectory: 
where from Eq.  (4): 
The diagonal matrix elements (  @f  1 a/at  /  $,)  are 
purely imaginary and therefore vanish in the real 
representation of  radial wave functions we  have 
chosen. 
The complex system of  equations (51) has been 
solved40  numerically by Hamming's  modified pre  - 
dictor-corrector method. 57  The number of  chan- 
nels was doubled by  splitting them into real and 
imaginary parts.  The sum of  the amplitudes 
squared was normalized to unity: 
The most important modification compared with 
direct ionization to the continuum is the influence 
of  the Pauli principle.  In principle one has now 
to evaluate amplitudes for configurations described 
by Slater-determinants,  instead of  one-electron 
states.  The number of  coupled channels N, is 
where N, denotes the number of  one-electron basis 
states and Ne denotes the number of  electrons 
present.  If  there is only one electron or one hole, 
then the configuration equations are identical with 
the corresponding equations of  the one-particle 
basis,  Also the solution of  complicator configura- 
tions can be performed by  the reduction to the one- 
particle basis. " 
In  general the results of  coupled channel calcu- 
lations for one electron show similar behavior as 
those for the direct excitation to the continuum. 
Let us first consider the ionization probability as 
a function of  time during a collision of  very heavy 
ions.  On  the incoming branch of  the trajectory 
first contributions to lso  ionization are given 
around R -  100 fm, followed by a slight increase of 
I a(t)  / '.  Just before the distance of  closest ap- 
proach is reached,  a relative maximum in the va- 
cancy -production rate appears and at R =  Rn„,  we 
find a sharp minimum.  In the outgoing channel a 
steep increase occurs within a few fm change of 
distance.  The maximum of  / a„,(t)  1  lies at R =  80 
fm in the U-U  system and at R  = 100 fm in the Pb- 
Pb system.  The probability amplitude further con- 
tinues like a damped oscillation.  After the molec- 
ular K shell is  broken up at  about R  =  2000 fm and 
approaches the atomic levels,  the oscillations very 
quickly reach their constant asymptotic value. 25v50 
If  we consider the probabilities  1 af(t)  1  of  dif - 
ferent complicator configurations arid not only of 
a single lsa  electron, this situation may change 
drastically.  This typical feature of  the coupled 
channel equations has its origin in the possibility 
of  stepwise excitation and interference between 
different intermediate excitation paths.  In Fig. 
21 we show the probability for lsa, 2so, and 3so 
ionization as  a function of  the internuclear separa- ELECTRONS IN SUPERHEAVY QUASIMOLECULES 
FIG. 21.  Coupled channel analysis of  vacancy forma- 
tion during a head-on  U-U  collision with E,„=  1600 MeV. 
The number of  created vacancies in plotted vs  the in- 
ternuclear separation R during the collision.  As  initial 
configuration (t -  -  m) we  assumed a vacant 4.90  stak 
and occupied lsu , 2su, and  3su  states. 
tion R,  where initially (t -  -W)  we start from a 
vacant 4so le~el.~'  The calculations have been 
performed for a U-U head-on  collision with E„, 
= 1600 MeV.  We  here employed true two-center 
energies and a/aR  matrix elements obtained under 
the assumption of  pointlike nuclei.  The asymptotic 
K-vacancy production probability amounts to sev- 
eral percent and is comparable with the direct 
ionization to the continuum.  It is  a remarkable. 
incident that the 3sa  vacancy probability after the 
collision is smaller than that of  the 2so level. 
In Fig.  22  we  show for a few initial configura- 
tions the number of  lso  vacancies created in the 
FIG. 22.  Number of  created lsu vacancies during 
Pb-Pb  and U-U  head-on collisions.  The different curves 
belong to different initial configurations. 
FIG.  23.  Impact-parameter  and bombarding energy 
dependence of  lsu vacancy formation during U-U  col- 
lisions.  In the coupled channel calculations the 4su 
and  5su  states have been assumed to be vacant initially 
(t--W). 
Pb-Pb and U-U  systems during the collision. 
Again we find as  a main result several percent 
vacancy probability.  The lsu  ionization is slightly 
larger when a larger number of  empty final states 
are available.  We  have to stress  that these re- 
sults are based on the model assumption of  vacant 
3so, 4so,  and 5so states.  In Fig.  23 the time- 
dependent K-vacancy probability is displayed as 
function of  R for various impact Parameters b  and 
ion energies E„,.  The 4so and 5sostates have 
been assumed initially vacant.  We  obtain a strong 
falloff with increasing b,  and decreasing Elab  for 
the U-U  collisions.  To obtain lso  ionization rates 
in the percent region,  one has to choose E„, 
r  1000 MeV and b <20 fm. 
Up  to now we have treated only one-collision 
processes.  This seems to be justified,  because 
a K vacancy in an U  atom lives only  T -  10-l7 sec 
and a second central collision within this time has 
negligible probability.  Therefore, in the calcula- 
tions described before only vacant high-lying 
states were assumed, whose ionization rnay occur 
in a preceding collision or at the beginning of  the 
collision itself.  Nevertheless, if  we assume a 
double collision and choose as  initial configuration 
the distribution of  vacancies in that way as  they 
originate from the first collision,  the K-vacancy 
probability in a U-U  head-on collision can be en- 
hanced by more than 20'%;,  and strong oscillations 
already appear in the incoming channel. In a schematic model also the excitation to the 
positive continuum could be investigated in the 
framework of  coupled channels with conservation 
of  unitarity. 40  Again we consider a U-U  collision 
with E„,=  1600 MeV.  The emission of  bound elec- 
trons takes place into an energy band centered 
around E = 1.4me with a width of  I?  = 1 MeV.  Un- 
der this assumption the results of  lsa  ionization 
obtained within time-dependent perturbation theory 
can be reproduced very well.  On the first half  of 
the trajectory we have a relatively strong increase 
of  / a„,(t)  1  reaching a maximum of  1.3% at  R = 30 
fm.  At the distance of  closest approach at R„, 
=  15 fm we find 0.8% for the lso  vacancy prob- 
ability.  Then again the rebound occurs, leading to 
an  increase to 5.4%  at  R=40 fm.  The ionization 
probability reaches a constant final value of  2% at 
R -  1000 fm. 
The ion energy dependence of  the K-vacancy 
production calculated in the framework of  coupled 
channels can be taken from Fig.  24 for a Special 
config~ration.~~  For the investigated U-U  head-on 
collision, initially vacant 4so  and 5so states have 
been assumed.  Between E„,=  500 and 1500 MeV 
a rise by almost four orders of  magnitude is ob- 
served. 
FIG. 24.  Bombarding energy dependence of  the num- 
ber of  created lsu vacancies in U-U  head-on  collisions. 
In the coupled channel calculations the 4.90  and 5su 
states have been assumed to be vacant initially (t -  -  m). 
FIG.  25.  Impact-parameter  dependence of  the number 
of  created Isu  oacancies in a Pb-Pb  collision with Rmin 
= 20 fm.  In the coupled channel calculations denoted by 
5su the lsu  state up to the 5su state have been included. 
The different curves belong to different initial con- 
figurations assuming one vacant state at t'  -W.  The 
curve denoted by 2su results from a two-state  calcula- 
tion.  Here only transitions between the lsu  and 2su state 
are cons idered. 
Finally we show the impact-parameter depend- 
ence P„,(b)  for different initial configurations in 
Fig. 25.  In this calculation energies and matrix 
elements of  the monopole approximation were em- 
ployed.  The influence of  finite nuclear size was 
taken into account.  The ionization probability 
shows the familiar behavior.  Altogether,  it should 
be emphasized that slight modifications of  matrix 
elements and energies may lead to large changes 
in P  (b) . 
X.  6 ELECTRONS 
For heavy-ion  collisions with 2,  «Z, the high- 
energy tail of  the continuum electron spectrum is 
dominated by  ionization of  the K  shell of  the heav- 
ier atom.  68-70176  Compared with electronic states 
in the higher shells, usually the wave function of 
the 1s state shows a sharp localization which cor- 
responds to higher Fourier frequencies in the 
form factor.  In this chapter we investigate the 
question of  what information on inner -shell elec- 
tronic states in superheavy quasimolecules can be 
obtained by measuring the 6-electron spectrum. 
In order to gain a first insight we plot in Fig. 26 
the radial density distribution  /  $r  /  =F,  + G'  for We  conclude that a measurement of  the electron 
spectrum may allow for a spectroscopy of  the L 
shell in superheavy quasimolecules.  In order to 
deduce informations on the quasimolecular K shell 
one has to perform a coincidence measurement of 
6 electrons with K X rays of  the heavier collision 
partner in asymmetric Systems like Xe-Pb, 
where one can evade the 2pu-lso vacancy sharing 
process.  In  the framework of  the monopole ap- 
proximation the angular distribution of  the final- 
state electrons is completely isotropic.  The ex- 
citation process itself can be viewed as  a breathing 
mode of  the electronic cloud on the incoming and 
outgoing half  of  the Coulomb trajectory, which 
favors no special direction.  We  believe that this 
is  a consequence of  the approximation made, and 
that angular distributions would require a more 
sophisticated calculation. 
How  a spectroscopy with 6 electrons could be 
performed can be exemplified in an analytical 
model for lso  ionization in superheavy quasimole  - 
cules. 62  According to this model the differential 
probability for lso  excitation into a continuum 
state E is  given by 
(53) 
with 
Rmin  and a are  defined in Eqs.  (7) and (5), respec- 
tively,  and V,  is the ion velocity at infinity.  Over- 
all parametrizations of  d,(z),  y(Z), and the energy 
eigenvalue E„,  (2,  R) have been published else  - 
where. 60,62  For the Xe-Pb (2  =  136) system the 
values for pointlike nuclei are 
In  Fig. 29 we have plotted the impact-parameter 
dependence (53) for lsu  ionization in a Xe-Pb col- 
lision with Rmin=  16 fm.  Several final-state ener- 
gies E are shown.  Obviously,  the high-energy 
electrons (E 2  2 MeV) result from very close col- 
lisions (b 2  10 fm) only.  However,  the main fea- 
ture of  formula (53) is the one-to-one  correspon- 
dence between the energy eigenvalue EIr,  at Rmin 
and the measurable probability for excitation to a 
fixed continuum state.  Therefore, experimental 
data on the 6-electron spectrum directly yield the 
lso  binding energy at small separations. 
1"k\omln  =  16 frr 
FIG. 29.  Impact-para- 
i  meter dependence of  the 
4  differential probability of 
1  lsa ionization with res- 
pec t to final-state continu- 
um  energy.  A Xe-Pb  col- 
lision with Rmi,= 16  fm is 
considered.  The calcula- 
tions have been performed 
within an analytical model. 
XI.  INFLUENCE OF ROTATIONAL COUPLING ON 
2p, lz  U VACANCY FORMATION 
As an example for ionization due to rotational 
coupling we consider vacancy creation in the quasi- 
molecular L shell of  the Pb-Pb system.  For lsu 
ionization rotational coupling effects are only of 
minor importance since the matrix elements 
(lsuI~~12s  -U),  (lsa/~,/3s  -U), (lso~~~)3d~), 
etc.,  are negligible  (see Figs.  6 and 8) for small 
separations (R < 500 fm) where most of  the ioniza- 
tion takes place.  On the other hand,  radial matrix 
elements exhibit a strong peak at small distances 
between both ions.  However, the strong rotational 
coupling in coherence with the radial coupling be- 
tween the substates of  the quasimolecular L shell 
leads to considerable vacancy production rates. 
Greenberg et ~1.~~  have observed Pb K,  radiation 
induced by collisions of  U on Pb, which is  a clear 
indication of  2p  ,/,U  ionization in the superheavy 
quasimolecule 2 = 174.  The impact  -parameter 
dependence P(b) of  vacancy formation has been 
deduced by a kinematic analysis of  Doppler- 
broadened X-ray lines.  P„,(b)  shows a pronounced 
peak at b =  20 fm, which cannot be explained by 
ionization via radial coupling alone. 
For the  Pb-Pb system we performed a coupled 
channel calculation, where it was assumed that the 
2p,,,n  state  initially (t -  -W)  is  vacant.  The sys- 
tem of  first-order differential  equations (9) and 
(10) was solved numerically.  In order to account 
for the  Pauli principle one has to deal with con- 
figurations instead of  single-electron states. 
FBgure 30 shows the number  of  created vacancies 
Pf =  2  / a,(t)  /  as  a function of  the two-center dis- 
tance R  for the assumed initial configuration in a 
Pb- Pb collision with 4.7 MeV/u.  Just behind the 20  -  ELECTRONS IN SUPERHEAVY QUASIMOLECULES  19 1 
FIG. 30.  Coupled channel analysis of  vacancy forma- 
tion in the quasimolecular L shell during a Pb-Pb 
collision with Rmi,= 19.8 fm.  The number of  created 
vacancies are plotted vs two-center distance R.  The 
2P3/2~,  2P3/?u, and  2Pl/zu states are taken into ac- 
count.  As  initial configuration (t- -W)  we  assumed 
a vacant 2p3/2~  state.  All rotational as well as radial 
couplings are included in the calculations. 
distance of closest approach at R,i,=  19.8 fm, the 
2p,/,n  vacancies are transferred to the 2p,/,u 
state via rotational coupling.  Both levels are de- 
generate in the united atom limit.  In the outgoing 
channel there occurs a strong radial coupling to 
the 2p,l,u  state at R -  500 fm, so  that the vacancy 
finally (t- m)  may  end up in the K shell of  one Pb 
nucleus.  The impact-parameter dependence of  this 
process is displayed in Fig. 31, where we added to 
these results the direct excitation to the continu- 
um. 25141  The main features of  the experimental 
data are  reproduced very well.  However,  a dif - 
ference lies in the location of  the maximum,  which 
FIG. 31.  Impact-para- 
meter dependence of  the num- 
ber of  created 2Pl/2~  va- 
cancies in a Pb-Pb collision 
with Elab=4.7  MeV/u.  The 
experimental data for the 
U-Pb collision are taken 
from Ref.  36.  Direct excita- 
tion to the continuum (dashed 
line) is compared with va- 
cancy formation caused by 
rotational and  radial coupl- 
ings between the substates 
of  the quasimolecular L 
shell (dashed-dotted lines). 
Different initial configura- 
tions are considered in the 
coupled channel calculations 
characterized by  the as- 
sumed vacant state at t -  -  m. 
The solid line represents 
the sum of  direct excitation 
to the continuum and  of  the 
curve where a vacant 2p312a 
stak was assumed initially. 
is  found to be at b = 10 fm (90" scattering angle) in 
our theoretical calculation,  whereas the experi- 
ment yields b =  20 fm.  According to our compu- 
tations a broad second maximum appears at b 
=  200 fm, which gives a large contribution to the 
total ionization Cross section.  The other dashed 
curves in  Fig. 31 are obtained by assuming dif - 
ferent initial vacancy configurations.  Only the 
coupling between bound states was considered. 
XII.  CONCLUSIONS 
For colliding systems with Z,  + 2,s  137 a rel- 
ativistic treatment of  electronic states in quasi- 
molecules is  necessary.  The relativistic effects 
manifest themselves in a considerable increase 
of  the electronic density distribution near the 
charge centers (which is equivalent to high-mo- 
mentum components of the wave functions), as  well 
as  in the increase of  binding energies and fine- 
structure splittings.  These are  first indications 
for the diving behavior into the negative energy 
continuum of  inner -shell electrons.  We  found that 
ionization probabilities are enhanced by about four 
orders of  magnitude due to relativistic effects5* 
compared with nonrelativistic estimates.  The 
number of  created lso  vacancies per collision 
P(b) amounts typically to several percent for cen- 
tral collisions and falls off  exponentially with in- 
creasing impact parameter.  For K-shell ioniza- 
tion in heavy ion collisions with Z,  + 2, < 137 we 
refer to the review article of  Meyerhof  and Taulb- 
jerg. 72 
Our starting point for the theoretical description 
of  the colliding system was the solution of  the sta- 
tionary two-center Dirac eq~ation~~l~~  which pro- 
vides binding energies of  and coupling strengths 
between electronic states.  An  astonishing degree 
of  simplification could be obtained by the applica- 
tion of  the monopole approximation. 
As a most important result we derived a way to 
experimentally determine electron binding ener- 
gies in superheavy systems up to Z=Z,  +  Z, -  190. 
The method primarily employs the one-to-one 
correspondence between the impact-parameter 
dependence of  ionization and the binding energy 
at the distance of  closest approach on a given 
Coulomb trajectory.  In particular,  we found that 
the Z dependence of  ionization is a clear indication 
of  strongly increasing binding energies for Z,  +  Z, 
2164.  Meanwhile,  lsu  binding energies up to 
E „,=  -600  keV  have been deduced from experi- 
mental data.74p86 
Within model assumptions also vacancy creation 
via radial coupling between bound states has been 
investigated.  Besides the magnitude of  the transi- 
tion probability,  no principal difference to direct excitation to the continuum was found neither in 
bombarding energy nor in impact -parameter de - 
pendence.  The influence of  the strong rotational 
couplings between the substates of  the quasimolec- 
ular L shell has been examplified for the Pb-Pb 
system.  P„,  ,„(b)  was modified drastically com- 
pared to results where only direct ionization to the 
continuum is considered. 
Recent experimental data on ionization probabil- 
ities,36-39*75~82*84-83  F-electron distrib~tions,~~  and 
quasimolecular X rays3' indicate that the theoreti- 
cal calculations correctly predicted the depend- 
ences on energy, impact parameter, and total 
nuclear charge.  The experimental data are, how- 
ever,  typically a factor of  2 -3  larger in magnitude 
than our theoretical results.  This remaining dis- 
crepancy must be clarified in future calculations, 
possibly by improvements beyond the monopole 
approximation. 
Note added in proof.  Meanwhile we found that 
multiple excitations of  inner-shell electrons in- 
crease the ionization probabilities by typically a 
factor of  2-3  essentially without changing the de- 
pendence on  impact parameter, etc.  Fair agree- 
ment between theoretical and experimental results 
is achieved by  the inclusion of  these multiple ex- 
citations between bound states and continuum 
states. 
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